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FOREWORD

This report wasprepared by the Missile andInformation System Division of
The Boeing Company, Seattle, Washington. It presents the final docmnentation
of the results obtainedfrom hvents_sample check cases that were solved by the
SupersonicTransport Optimization Program (STOP). The program was developed
by Boeing for the Langley Research Center under contract NASI-5293. The hventy
cases included onemulti-stage boost-to-orbit problem, one variable-sweep
reentry problem, andeighteen SSTproblems. The contract was achninistered
by the National Aeronautics and SpaceAdn_inistration under the direction of
Mr. J. R. Elliott, with Mr. David F. Thomas, Jr. acting as contract monitor.

The SupersonicTransport Optimization Program was obtained from the NASA
Request for Proposal L-5347. Development of the program began in August

1965 and was completed in September 1966. Dr. L. H. Stein was responsible

for program development. The closed loop guidance techniques and the control

formulation were developed by Mr. M. L. Matthews. Mr. Matthews also assisted

in a major part of the program development as well as in the solution of the

twenty check cases. Mr. J. W. Frenk was in charge of programming and was

assisted by Mr. D. A. Watson. Mr. Watson was also responsible for the

plotting eapability for the program. The work was perfomned under the diree-

tion of Mr. E. G. Haugseth of the Boeing Missile and Information System

Division.

This report, together with a companion docmnent, STOP_ A Computer

Program for Supersonic Transport Trajectory Optimization (Reference 1) plus

the FORTRAN source program listings, binary object deck, and ssnllbolic

object deck concludes the work prescribed under contract NAS1-5293.
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ABSTRACT

STOP--A Computer Program for Supersonic Transport Trajectory

Optimization (Reference 1) was used to solve twenty opthnization problems. The

problems included 1 four-stage space booster mission, one optimal flight path

for a variable-sweep reentry vehicle, and eighteen SST missions involving both

fixed-wing and variable-sweep configurations. The SST missions involved

various combination_ of enreute constrah-_t_ _u account for engine limits, struc-

tural and cruise limits, and planar and area s0nic-boom over-pressure restric-

tions.

A discussion of each of the 20 problem solutions is presented in this report.

The problem statement, results, and a brief analysis are provided along with

a computer listing of each optimal trajectory.

°°.
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SUPERSONIC TRANSPORT TRAJECTORY OPTIMIZATION
EXAMPLE SOLUTIONS

By Lawrence H. Stein, Malcolm L. Matthews, and Joel W. Frenk

Boeing Aerospace Group

SUMMARY

This volume is a summary of solutions to 20 optimm_ flight-path problems

formulated by NASA and required by contract NAS1-5293 utilizing the super-

sonic transport optimization program (STOP). The problems were selected

to demonstrate the capability of STOP and to provide optimum flight paths

for configurations and missions consistent with current research programs
at Langley Research Center.

Vehicle characteristics used for the 20 check cases were supplied by NASA/

LRC for the purpose of program checkout, and should not be construed as officially

representing any commercial or government SST design.

The 20 problems are divided into the following general categories:

1) A four-stage solid propellant space booster;

2) A variable-sweep reentry vehicle;

3) Eighteen SST missions involving bothifixed-wing and variable-sweep
configurations.

The SST missions incorporated various combinations of enroute constraints

involving engine limits, structural and cruise limits, and planar and area sonic-

boom overpressure restrictions.

are

1)

The most significant results obtained from the solution to the 20 problems
summarized below:

The variable-sweep reentry vehicle showed little or no tendency to sweep

the wings forward from the full aft position. Also, wing sweep appeared to

2) The variable-geometry SST problems all indicated that wing sweep was

a weak control variable for minimum-time-type problem s.

3) All variable-sweep SST cases showed a loop in the altitude-Mach plane

during descent. This can be attributed to the problem statement, which

required that more fuel be consumed than was required for the specified

range.



4) In general, enginebehavior was the same for all SSTcases that incorporated
at least a cruise Maeh number restriction. The schedulewas maximum
augmentationthrough the entire climb and acceleration phase, appro_mately
military thrust during cruise ( _ = 0.8 to 1.2), followed by idle thrust during

descent. One exception was noted in the area of M = 0.8 to 1. In this region,

all of the SST cases showed a thrust level considerably lower than the aug-

mentor limit. No explanation is presently available for this anomaly.

5) For the area boom problems, the aircraft preferred to fly around the cities,

making the required heading changes as early in the mission as possible.

The banking maneuvers were gentle, in all cases resulting in bank angies of
about 1 degree or less.

Bccausc of the complexi_" of vehicle aerodynamics, engine characteristics,

and enroute placards, SST missions are quite susceptible to obtaining local opti-

mum flight paths. This problem can be corrected in many eases by starting from

a new nominal path. This was accomplished for many runs, but in some cases

computer time lin_itations prohibited carrying out the iterations to the final opti-

mum. In all cases a sufficient number of iterations were performed to establish

the convergence pattern and demonstrate the trends of the optimal flight path.

IN TRODU C TION

The supersonic transport optimization program (STOP) described in Volume I

of this report is a steepest-ascent digital computer program that will optimize the

flight path of a supersonic transport from a given low-speed, low-altitude condition

at the start of a flight to a given low-speed, low-altitude condition at the end of a

flight. The purpose of this volume is to present the results of a study to demon-

strate the capability of STOP to optimize the flight path of several types of vehicles

and to perform mission studies on fixed-wing and variable-sweep SST aircraft with
operational enroute constraints.

Classes of vehicles and the missions considered in this demonstration are:

I) Four-stage solid-propellantbooster (Scout) flyinga boost-to-orbit mission

with a maximum payload. A q (xenroute placard was applied

2) A variable-sweep-wing reentry vehicle returning from space to perform a

maximum lateral range maneuver.

3) A fixed-wing SST performing missions of minimum time, maximum payload,

and maximum range. Enroute placards on sonic boom overpressure, struc-

tural and cruise Mach number, and engine limits are applied.

4) A variable-sweep SST performing minimum-time missions. Enroutc placards

are imposed on sonic boom overpressure, structural Mach number limit, and

engine limits.



The aerodynamic and propulsion characteristics for the Scout are presented

in the discussion, but because the trends of all other aerodynamic and engine data

may represent the current state of the art, they are restricted and are not pre-
sented herein.

Persons with a "need to know" may contact David F. Thomas, Jr., of the

NASA/Langley Research Center--Space Mechanics Division for further informa-
tion.

Types of enroute placards applied in the 20 problems are:

I) Maximum and minimum throttle settings as functions of altitude and Mach

numb er;

2) Structural and cruise Mach number limits as functions of altitude;

3) Planar sonic boom overpressure limits as functions of longitude.

4) Area sonic boom overpressure limits as a function of latitude and longitude.

There are many additional placards available for use in STOP but these were

not required for the 20 problems specified.

There are several special-purpose options discussed in Reference i, all of

which were used in solving the specified problems: (I) gamma tilt, (2) circular

satellite, (3) maximum payload, (4) free initial condition, and (5) nominal-

trajectory generation. The first four options were used on Scout. The nominal-

trajectory generation option was used for the calibration flight with the fixed-wing

SST. The maximum-payload option with the free initial weight was used for one

of the SST problem s.

A discussion of each of the 20 problem solutions is presented in this volume.

The problem statement, results, and a brief analysis are provided. A computer

listing for each optimal trajectory is included.



TWENTY SAMPLE PROBLEMS

Boosters

Scout.--Case i: Scout is a four-stage solid-propellant VTO booster with
fixed times specified between each stage. This problem has a twofold purpose:

first, to demonstrate the versatility of STOP; and second, to provide a calibra-

tion case that can be verified by other optimization programs.

Problem statement and results: The specified mission placed a maximum

payload (_ = Wmax) into a 300-nautical-mile circular orbit. An enroute placard

was imposed on Q_ , namely

-1200 <Q_ _ 1200 psf-degrees (i)

Table 1 presents a summary of the problem statement and results, and

figures 1 through 3 show the optimal trajectory.

Table i: Case l--Problem Statement and Results

Parameter Desired Value Optimum Value

= weight maximum 374.51 lb

t2 = velocity circular satellite 23,587 fps

• 1 = altitude 1,822,S31 ft 1,822,902 ft

_2 = flight path angle 0 degrees 0 degrees

Enroute Placard Figure Number

_3- Q cr PF 0 degrees 2

Engine characteristics, aerodynamic data, and weight statement are shown
in tables 2, 3, and 4.

Stage Ae Isp

1 813.6 251. 391

2 273.307

Table 2: Scout En_ne Data

Time Tvac

0 94,600

34 108,500

44 116,000

52 32,377

66 0

0 48,24O

24 67,100

27 69,200

36 68,344
39 0

1166.4

I



stage

3

4

1

Coast

2

3

4

Table 3:

Table 2 (Continued)

Time Tvac

0 21, i00

15 24,600

27 22,580

30 20,532

33 0

0 6550

3 4700

6 5600

12 6174

24 6174

Scout Aerodynamic Data (SRe f

C D
M o

0 0.482

0.5 0.533

0.75 0. 657

i. 0 1.267

1.1 1.463

1.5 1.227

2.0 1.032

2.5 O. 890

3.5 O. 737

5.0 O. 640

2.0 1. 366

2.5 1. 137

3.0 0.981

3.5 0. 870

4.0 0. 794

4.5 0.741

Vacuum

Vac,Jum

Vac uu m

0

= 5.25 ft 2)

_CD/a CL 2

0 06943

0 06586

0 06242

0 05139

0 05312

0 07159

0 08992

0 10327

0 11898

0 12995

0

Isp

277.209

1
278.337

1
CL{_

O. 24435

O. 26499

O. 27960

O. 33961

0.32859

O. 24381

O. 19410

O. 16900

O. 14669

O. 13430



Table 4: ScoutWeight Statement

Time Weight

0 Liftoff stage 1 39,606.6

66 End-burn stage 1 18,144.6

66 Jettison stage 1 case 14,889.6

88 End coast 14,889.6

88 Start burn stage 2 14,889.6

127 End burn stage 2 6437.6

127 Jettison stage 2 case 4241.6

133 End coast 4241.6

133 Start burn stage 3 4241.6

166 End burn stage 3 1639.6

166 Jettison stage 3 case 883.6

598 Start burn stage 4 883.6

622 End burn stage 4 374.5

Earth model: A spherical rotating earth and the complete 1962 ARDC

Standard Atmosphere were used.

Initial conditions: Initial conditions of the state variables are:

weight, Wo = free initial condition

tilt angle, 7 T = free initial condition

flight path angle, v R = 90 degrees

altitude, h = 0 ft

velocity, V R = 0 fps

latitude, B - 37. 849°N

longitude, )t = 75.473%V

heading, _I, R = 0 degree (East)

Control variables: Pitch angle was used as the control variable.

Tilt maneuver: A tilt maneuver was specified for Scout as shown in

table 5. The value 71. 106 was determined by STOP.

Table 5: Tilt Schedule

Time ___7

0 9O

5 90

6 7 i. 106

Free initial conditions: Free initial conditions were allowed on the tilt

angle (TT) and the launch weight (Wo). Nominal and optimal values for the
free initial conditions are shown in table 6.



Table 6:

Variable Nominal Value

YT 80 degrees

Wo 39,512 Ib

Free Initial Conditions

Optimum Value

71.106 degrees

39,606.6 lb

Maximum payload option: The maximum payload option was exercised for

this problem so that the maximum allowable last-stage propellant of 509 pounds

would not be exceeded.

7
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Reentry Vehicles

Variable sweep, p Case 2: Flight path optimization for a variable-sweep

reentry vehicle further illustrates STOP's capability to obtain optimal solutions

for many kinds of vehicles. The vehicle optimized is unpowered and with fixed

weight.

lateral range for a variable-sweep reentry vehicle. Table 7 presents the desired

and optimum terminal values of the performance, constraint, and stopping para-
meters.

Table 7: Variable-Sweep Reentry Vehicle Results

Parameter Desired Value Optimum Value

a_ = latitude maximum 34.1 degrees

= velocity 425 fps 425 fps

kI'l=altitude 15,000 ft 14,721 ft

_P = flightpath angle 0 degrees -0.272 degree
2

•4 = longitude 30 degrees 29.94 degrees

Significant results are presented in figures 4 through 8. The optimal trajec-

tory listing is given. The reentry flight path shows the typical "skip" character-

istics common to this class of vehicles. It is interesting to note that, during the

reentry path, the longitude (figure 5) reaches a maximum of 34 degrees before

returning to the terminal value. This is due to the energy management required
to meet all terminal conditions.

Earth model: A spherical rotating earth and the complete 1962 ARDC Stan-

dard Atmosphere were used.

Initialconditions: Initialconditions of the state variables are:

altitude, h = 300,000 ft

flight path angle, _R = 0 degrees

velocity, V R = 22,983.4 fps

latitude, _ = 0 degrees

19



heading angle, _R = 0 degrees (East)

longitude, k = 0 degrees

Also, the weight was constant at 12,100 pounds and SRE F = 252 sq ft.

Control variables: Pitch angle and bank angle were the control variables.

Sweepback angle, although originally designated as a control variable, was found

to be ineffective because of the nature of the aerodynamic data. An indication that

sweepback (A) was not a significant control variable came from the automatic

weighting matrix, which showed the effect of sweepback to be two or three orders

of magnitude less than either pitch or bank angle. The aerodynamic data was such

that the steepest-ascent procedure could not see any advantage to sweeping the

wings forward. Maximum range occurs near (L/D)max, and since this occurs at

A = 90 degrees hypersonically, the wings are maintained fully swept. At lower

Mach numbers, the lower sweep angles provide a higher L/Dmax; but, by the time

these numbers are attained, there is no opportunity to gain significant perform-

ante prior to reaching the stopping condition. In fact, it is suspected that the in-

creased profile drag associated with the lower wing sweeps is undesirable.

20
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Supersonic Transport

The SST check cases are designed to show the effects of realistic enroute

placards on the optimal flight path design for typical supersonic transport air-

craft. Both fixed-wing and variable-sweep aircraft are considered. Table 8

shows the initial conditions, enroute placards, control variables, terminal con-

straints, and the performance parameter for the 18 SST check cases.

The maximum and minimum throttling placard are given in figures 9 and 10.

The planar sonic-boom placard is used in problems involving only inplane flight

paths. Table 9 shows the maximum allowable overpressure on the ground in the

plane of the flight path.

Table 9: Planar Sonic-Boom Limit

Range, n. mi. Overpressure, psf

0 2

300 2

330 1.5

270O 1.5

2730 1.6

3O0O 1.6

The area sonic boom placards are used to represent overpressure restric-

tions near cities. Figure 11 shows the overpressure limit schedule [or the area

boom problems. This figure is a cross-section through thc center of the city.

The cities were defined to be circular in the present study. Case 13 is a single

area boom problem with the center of the city positioned at a range of 1500 nau-

tical miles and on the equator. Cases 14, 15, 16, and 17 are double area boom

problems for which city centers are located at 1000 and 2000 nautical miles down

range. The center of the first city is 60 nautical miles north of the equator and

the second is 60 nautical miles south of the equator. Nominal flight paths are

along the equator for the area boom problems.

Mach number placards of two types are applied:
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1) The structural limit is given in table 10.

Table i0: Structural Placard

Altitude, ft Maximum Mach Number

0 1.0

30,000 1.44

59,750 2.9O

90,000 2.90

and

2) A cruise Mach number limit of 2.7.

In some cases, the structural placard limiting the Mach number to 2.9 was

inadvertently initiated at 57,000-foot altitude instead of the prescribed 59,750 feet.

This error was not discovered until some of the flight paths had been optimized.

This discrepancy was not considered significant.

During most of the climb and acceleration phase for all SST cases, the throttle

was on the maximum-augmentation placard. In all cases run, however, the throttle

history experienced a dip during the ascent phase in the Mach number range of 0.8

to i. 0 for which no conclusions have been made. (The optimal throttle schedule

for all runs tended to be on the idle placard during the majority of the descent.)

A brief discussion of each of the check cases follows. The results appear as

plots of important parameters and, in each case, the optimal trajectory listing is

included. Computer time required for optimizing the SST cases was large and,

in some cases, the iterative procedure was stopped short of a true optimum. This

was considered justified because intent of the check cases was to demonstrate con-

vergence of the program and to establish trends for study purposes. Convergence

to the terminal constraints is demonstrated within the limits given in table II.

Table ii: Terminal Constraint Tolerances

Variable Tolerance

Weight i an lh

Altitude 500 ft

Velocity 50 fps

Latitude 0.01 deg

Tolerances on the penalty functions were established by examining the time

histories on the constrained variables to determine the degree of violation. Each

case was considered separately to establish the tolerance to be allowed.
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Calibration run. --Case 3: The intent of this run was to fly a prescribed flight

path (fig_tre 12) to serve as a basis for verification of data handling and computing

techniques used in STOP. This case makes use of the nominal trajectory genera-

tion option. Five phases are used to generate the flight path.

The phases are as follows:

Phase 1- Fly a prescribed h-M during ascent (mode 6) to an altitude of 55,578 feet

Phase 2 --Fly _I = 0 using pitch control (mode 10) to an altitude of 65,000 feet

Phase 3--Fly IVl= 0 using throttling control (mode 12) to the end of cruise: i.e.,

until the weight equals 263,743 pounds

Phase 4-- Fly _'R :: - 0.1 deg,/sec (mode 4) decreasing to a _R of - 2 degrees

Phase 5- Fly a descent-prescribed h-M (mode 6) to a final altitude of 1500 feet

A comparison of the reference and STOP-generated trajectories may be seen

from plots of altitude versus Mach number and liftcoefficient versus time (figures

12 and 15). Figures 13 and 14 are plots of altitude and sonic boom versus range.

Figure 16 is a plot of throttling versus time. The listing of the basic trajectory

is included. The spikes observable in figure 15 are due to the technique used by

the closed-loop g_tidance option and have a negligible effect on performance.
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Minimum time. -- The minimum-time problem fornmlation is related to the

economic operation of the SST because the direct operating cost (DOC) is dependent
on the block time. The flight path optimization usually performed on SST aircraft

is the maximum-range problem. Some of the flight-path trends shown in this set

of check cases may not, in general, be familiar to those more experienced in maxi-

mum-range problems. The greater difference occurs during descent because

minimum-time descents are made at a much higher average Mach number. Descents

are similar to those usually occurring under emergency conditions. These differ-

ences may be seen by comparing the resuit_ from cases 4 (mi,_in_ui-n .......... "_ '_"LIIII_ c:tllk.l K_V

(maximum range).

Fixed-wing SST--planar sonic boom: The planar sonic boom is defined for

those problems that are restricted to one plane of motion (no banking or lateral

excursions). This type of case presents the single most difficult problem encoun-

tered in the check cases, which is a result of the nonlinear nature of planar sonic

boom: sonic-boom violation appears as a "spike" during trajectory climb and

descent phases.

The far-field sonic-boom overpressure data were modified slightly from the

table suggested by NASA/LRC. The overpressure was defined to be zero at M = 1

with a linear buildup to the full value at M = 1.2. This modification allowed the

adjoints to observe the behavior of overpressure over a wider range in the area of

the spikes and resulted in a more linear behavior of the placard while maintaining
the correct simulation in the violation areas.

The baseline case for this set of runs is case 4 because it has the most realis-

tic set of placards. The placards imposed are maximum and minimum throttling

limits, planar sonic boom, and structural and cruise Mach number limits. Mini-

mum time for the optimal flight path is 8034 seconds. The performance penalty

due to the sonic-boom placard is given by the comparison with case 5 (same as 4

with sonic-boom placard removed), which has a minimum time of 7745 seconds,

a penalty of 289 seconds.

The penalty due to the structural Mach number placard is only 13 seconds,

as shown by comparing case 6 (same as case 4 with structural placard removed),
with a minimum time of 8021 seconds, with case 4. This difference is small since

the case 4 optimal flight was not significantly restricted by the structural placards.

Cases 4 and 6 showed somewhat different descent profiles but nearly identical per-

formance. The differences between cases 4 and 6 flight may represent a band for

which the performance is insensitive to the path. The effect of the cruise Mach

number placard may be determined by comparing cases 4 and 7. The only differ-

ence is that the cruise Mach number is limited to 2.9 for case 7 and 2.7 for ease

4. The performance penalty for the Mach 2.7 is 738 seconds. The total time for

case 7 is 7296 seconds. With no enroute constraints applied, except the engine

throttling limits, case 8 has a minimum time performance of 6426 seconds. The

maximum Mach number for this run was 3.94, which exceeds input aerodynamic
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and engine characteristics. Validity of the data obtained by extrapolation beyond

Mach number 3 is questionable.

In all cases, when a sonic-boom placard was imposed, the overpressure limit

was violated slightly during both the climb and descent. The violations are small

and are not considered significant.

Case 4 problem statement and results: Table 12 depicts desired and optimum

values of the performance, stopping parameter, and constraints. Results of the

optimum trajectory are given in figures 17 through 20.

Table 12: Case 4-- Problem Statement and Results

Parameter

= time

f_ = longitude

_2 1 = weight

_2 = altitude

_3 = velocity

Enroute Placards

_4 = THROTTLE PF

_25 = BOOM PF

_6 = MACH PF

(structural and

cruise)

Desired Value

minimum

50 degrees

262,120 lb

15OO ft

366.7 fps

0

0

0

Optimum Value

8034 sec.

50 degrees

262,039 lb

1139 ft

376.9 fps

Figure Number

20

18

17

Pitch angle and throttling were used as control variables.
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Case 5 problem statement and results: Table 13 depicts desired and opti-

mum values for the performance, stopping parameter, and constraints. Results

of the optimum trajectory are given in figures 21 through 24.

Table 13 :

Parameter

Case 5-- Problem Statement and Results

Desired Value Optimum Value

_0 = time minimum 7745 sec.

fl = longitude 50 degrees 50 degrees

41 = weight 262,120 lb 262,152 lb

42 = altitude 1500 ft 1025 ft

43 = velocity 366.7 fps 327.5 fps

Enroute Placards Figure Number

44 = THROTTLE PF 0 23

45 = MACH PF 0 21
(structural and

cruise)

Pitch angle and throttling were used as control variables.

Note that the flight path was on the structural Mach number placard during

descent (figure 21). Sonic-boom violation is greater during descent than boost.
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Case 6 problem statement and results: The problem statement and results

are presented in table 14. Included are desired and optimum values for per-

formance, stopping parameter, and constraints. Results of the optinmm tra-

jectory are given in figures 25 through 28.

Table 14:

Parameter

Case 6-- Problem Statement and Results

Desired Value Optimum Value

= time minimum 8021 sec.

12 = longitude 50 degrees 50 degrees

41 = weight 262,120 lb 262,109 lb

42 = altitude 1500 ft 1199 ft

43 = velocity 366.7 fps 356.0 fps

Enroute Placards Figure Number

44 = THROTTLE PF 0

45 = BOOM PF 0

46 = MACH PF 0

(cruise)

Pitch angle and throttling were the control variables.

28

26

25
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Case 7 problem statement and results: The problem statement and results

are presented in table 15. Included are desired and optimum values for perform-

ance, stopping parameter, and constraints. Results of the optimum trajectory

are given in figures 29 through 32.

Table 15: Case 7-- Problem Statement and Results

Parameter Desired Value

(D = time minimum

i'l = longitude 50 degrees

41 = weight 262,120 lb

42 = altitude 1500 ft

43 = velocity 366.7 fps

Enroute Placards

44 = THROTTLE PF 0

45 = BOOM PF 0

46 = MACH PF 0

(structural)

Pitch angle and throttling were the control variables.

Optimum Value

7296 see.

50 degrees

262,138 ib

1411 ft

364.8 fps

Figure Number

32

3O

29
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Case 8 problem statement and results:

nmm values of performance, stopping parameter, and constraints.

the optimum trajectory are given in figures 33 through 36.

Table 16 depicts desired and opti-

Results of

Table 16: Case 8--Problem Statement and Results

Parameter Desired Value ()ptimum Value

co = time mininmm 6426 see.

f_ = longitude 50 degrees 50 (legrees

_1 = weight 262,120 lb 2_;2,114 lb

tI,2 = altitude 1500 ft 1545 ft

_3 = velocity 366.7 fps 366.3 fps

Enroute Placard Figure Number

_4 = THROTTLE PF 0 36

Pitch angle and throttling parameters were used as control variables.

Note that removal of Maeh number and some-boom placards permitted the

aircraft to fly out of the region of the input data. The performance gained for

this ease, due to data extrapolation, may not be meaningful.
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Variable-sweep SST--planar sonic-boom cases: The planar sonic-boom

problems in this set are formulated similar to those for the fixed-wing SST.

The variable-sweep aircraft did not experience the same difficulty in meeting

the overpressure limits as did the fixed-wing SST. The descent phase for all

the variable-sweep cases exhibited the peculiar characteristic of a dive-climb,

statement formulation, which calls for a flight path of minimum time with ter-

minal constraints on weight, velocity, altitude, and range. The problem appears

to be overconstrained, since the variable-sweep aircraft arrive at the end of

cruise with too much fuel to be used during a normal descent. The dive-climb

maneuver is therefore the manner in which the program optimally meets all
c o nst raints.

A comparison of performance of this set of cases does not show the consist-

eacy of the fixed-wing data for similar problem statements. The problem appears

to be that the variable-sweep aircraft flight paths are more susceptible to local
optimums.

The baseline run for variable-sweep aircraft with the planar boom is case 9,

which has a structural Mach number placard and the engine placards, in addition

to the sonic-boom limit. The minimum time for the flight path was 8700 seconds.

The performance penalty associated with sonic boom is 395 seconds as shown by
comparison with case 10, which had a minimum time of 8305 seconds. The

structural Mach number placard (case 11 with minimum time of 8018) penalized

the performance by 682 seconds. The penalty due to the sonic-boom placard

is a result of forcing a higher altitude during the supersonic parts of the climb

and descent phases. The penalty due to the structural Mach number limit is

essentially a result of restricting the cruise Mach number. Case 12, uncon-

strained with the exception of the maximum and minimum throttle placards, has

a minimum-time performance of 8076 seconds. There is an inconsistency be-

tween the results for cases 11 and 12, since the more constrained problem (case

11) has about a minute better performance than the unconstrained case 12. This

discrepancy has not been resolved but it is probably due to either a local optimal

path for case 12 or some undetected data input error in case 11.

Case 9 problem statement and results: Table 17 lists the problem statement

and results for c'ase 9. Included in this table are desired and optimum values for

performance, the stopping parameter, and all constraints• Results of the opti-

mum trajectory are given in figures 37 through 41.
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Table 17: Case 9-- Problem Statementand Results

Parameter Desired Value Optimum Value

co = time mininmm 8700 see.

f_ = longitude 50 degrees 50 degrees

_1 = weight 262,120 lb 262,187 lb

_2 = altitude 1500 ft 1771 ft

_3 = velocity 366.7 fps 353.9 fps

Enroute Placards Figure Number

_4 = THROTTLE PF 0 40

_5 = BOOM PF 0 38

_6 = MACH PF 0 37

(structural)

Pitch angle, throttling, and wing sweep were used as control variables.
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Case 10problem statement and results: Table 18 lists the problem state-
ment, desired and optimum values of performance, the stopping parameter, and
all constraints for case 1O. Results of the optinmm trajectory are given in fig-
ures 42 through 45.

Table 18:

Parameter

Case 10-- Problem Statement and Results

Desired Value Optinmm Value

cO = time minimize 8305 sec.

_Q = longitude 50 degrees 50 degrees

_1 = weight 262,120 lb 261,975 lb

_I,2 = altitude 1500 ft 1516 ft

_3 = velocity 366.7 fps 413.4 fps

Enroute Placards Fig_are Number

_4 = THROTTLE PF 0 44

_5 = MACH PF 0 42

Pitch angle, throttling, and wing sweep were used as control variables.
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Case 11 problem statement and results: Table 19 lists the problem statement

and results, desired and optimum values for performance, the stopping parameter,

and all constraints. Results of the optimum trajectory are given in figures 46
through 50.

Parameter Desired Value Optimum Value

= time minimize 8018 sec.

_t = longitude 50 degrees 50 degrees

k_1 = weight 262,120 lb 262,354 lb

k_1 = altitude 1500 ft 1450 ft

k_2 = velocity 366.7 fps 298.6 fps

Enroute Placards Figure Number

k_3 = THROTTLE PF 0 49

k_4 = BOOM PF 0 47

Pitch angle, throttling, and wing sweep were used as control variables.
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Case 12 problem statement and results: Table 20 lists the problem statement

and results, including desired and optimum values for performance, the stopping

parameter, and all constraints. Results of the optimum trajectory are shown

in figures 51 through 55.

Table 20: Case 12 -- Problem Statement and Results

Parameter Desired Value Optimum Value

a_ = time minimize 8076 sec.

= longitude 50 degrees 50 degrees

_1 = weight 262,120 lb 262,256 lb

_2 = altitude 1500 ft 1333 ft

k_3 = velocity 366.7 fps 331.9 [ps

Enroute Placard Figure Number

_4 = THROTTLE PF 0 54

Pitch angle, throttling, and wing sweep were used as control variables.
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Fixed-wing SST --area sonic boom: Area sonic-boom formulation allows

optimization of SST missions involving overpressure restrictions near populated

areas. In general, there are three ways to reduce the overpressure over a city:

(1) Increase aircraft altitude, (2)Decrease Mach number, ol- (3) Fly around the

city. It is not at all clear, for a given problem, what combination of these pro-

cedures is the best. This is a complex problem involving careful trades between

flight time, fuel consumption, range efficiency, etc., and approximate methods

based on intuition and experience may lead to poor performance.

Figure 11 shows the overpressure limit used for each city. Case 13

has one city at the midrange point and centered on the equator. Case 14 has two

cities, one located 1000 n. mi. from the initial point with its center 60 n. mi.

north of the equator, and the other city is 2000 n. mi. downrange and 60 n. mi.

south of the equator. The nominal flight path in both cases is along the equator.

The optimum flight path for case 13 is one that banks at the start of climb

and flies to a maximum latitutde of -1.4 degrees at the longitude of the city center

(figure 57). The path then gradually returns to a latitude of zero degrees at the

stopping condition. The minimum time for the flight path was 7280 seconds. The

initial flight path direction selected in the program is a result of the method used

in calculating the partial derivatives. There is no signi[icance to the initial

southward heading because there is an identical performance flight path with an

initial northward heading. For case 14 the optimum path is an S-shaped curve

going between the cities (figure 63). The optimum time of the flight path is 7334
seconds.

In all of the area boom cases, the overpressure restriction was met by flying

around the city. There was absolutely no tendency to raise cruise altitude or

lower cruise Mach number in the neighborhood of the cities. Out-of-plane maneu-

vers were gentle for all area boom problems, resulting in a bank angle of about

1 degree or less. These eases represent the first attempts to solve the area boom

problem by steepest ascent and, for this reason, the problem statements were

kept relatively simple. More complex problems may demonstrate different trends.

Case 13 problem statement and results: The problem statement and results

are presented in table 21. Included are desired and optimum values of the per-

formance constraint and stopping parameters. Results of the optimum trajectory

are shown in figures 56 through 61.
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Table 21 :

Parameter

Case 13-- Problem Statement and Results

Desired Value Optimum Value

= time minimum 7280 sec.

= longitude 50 degrees 50 degrees

9 1 = weight 262,120 Ib 262,148 ib

9 2 = altitude 1500 ft 954 ft

93 = velocity 366.7 fps 343.1 fps

94 = latitude 0 degrees -0. 011 degrees

Enroute Placards Figure Number

9 5 = THROTTLE PF 0 60

9 6 = BOOM PF 0 58

97 = MACH PF 0 56

(structural)

Pitch angle, throttle setting, and bank angle are used as control variables.

163



164



165



166



ii!i !i_liil
i_: !ill

-41;

....ii
....i!ilii!ii!il
;ii_ i!!!!!ii

ii_!_i:i!!!ii

I i!1

!,!!_ii!!i:i
_i!!ili!iii

4-i! .....

_'!ii_i! iii
i!i _ii

,,_! iii

ii I

; | .....

|_iii iii

:_ !i_L

iiiiiiiii_iiiii!!i
iiillll;l![illl:_!

iiiiiiiii_ii!iii!!
i![llilllliiil_iii

!)i! :!ii !i,T

!:!!iii!i!_i
!i! !!i! !!!i !i!;
i_: ll!i !;ii '::i
:!! iili _'! ,i!!,,
ii! !_;i: .... "

!i? !iiii!ii _;:_

!;i:

i!i,
;ili i_i

'_: ;!i iiii

_!ii !!i

iill_!!_,:
liil ;i:i

iill il,
iiii

!!!!

iiii i!i! iii_

!_!!!!ii

ii:!

ii il;_ !::i iiii

ill' ;!t, _,_

:i;i i _

='_2!_!!i: iii'

ii,i

'I i

ii!i
iiii

kJ_

!i

167



168



169



_J

Ill[ _0_

t._ _-', 0 O_

p

i

170



171



172



)

P

173



dW

_Z
-9[
,,,nr
D •
Z_

JO

,Y
XW

m

_Z

_lr

_Ju

.m W
.,i

:3 l'-

0

.I l--

r.'

_- ,--.j
M la. ,._1
_ *,,-G 0

D-J_
,.4
bd

..J
r',r" U_ ¢.9

O_Z

W_

J
),- 3L J

_aP

n __.
Ol

wo ¸
.JI0n

_ID_ I I_ N-',*

:'.9 ;_ .m .-r I (_,1
_ _ ,

I "-_11

I I

f,,- _ I_ID o .-4 _ _ _r

mr) ($, 0
_ ,(_' O

I_. ('_li _ 0,1 0,1

,_ _'_

o._o
,_'

9,9=. _.99i

t

g_ AI_ t9

le(_ II I CO I

L

r,,- (_1 I i

I

U_Oi

t

_ _ go

,_,I)

%,

9":_

I

f'- I_1

99

°'_.

i
99

.'t'l

I) I)

174



m
Los-
z::)
_z
n

_4u
"r_

r'1 _;
:o I-

o

.J l-

k_MO
D.Jrr
J
W

WJ

_uz;
q: ¢_ (J i
kO _I. l-- '

bJb.
DO.

p- _£ .J
b,-t0 U
_-0
.JOb

175



Case 14 problem statement and results: The problem statement and results

are presented in table 22. Included are desired and optimum values of perfor-

mance, constraint, and stopping parameters. Results of the optimum trajectory

are given in figures 62 through 67.

Table 22: Case 14 n Problem Statement and Results

Parameter Desired Value Optimum Value

¢D = time minimum 7334 sec.

= longitude 50 degrees 50 degrees

k_1 = weight 262,120 lb 262,121 lb

_2 = altitude 1500 ft 1306 ft

93 = velocity 366.7 fps 364.7 fps

_4 = latitude 0 degrees 0. 001 degree

Enroute Placards Figure Number

_5 = THROTTLE PF 0 66

_6 = BOOM PF 0 64

_7 = MACH PF 0 62
(structural)

Pitch angle, throttle setting, and bank angle were used as control variables.
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Variable-sweep SST -- area sonic boom: Discussion of the area boom problem

given for the fixed-wing SST applied for the variable sweep problem. Wing-sweep

angle provides an additional parameter for reducing sonic-boom overpressure

through changing the aerodynamic forces. Case 15 is the only double area-boom

problem optimized in this set.

The problem statement is similar to that of case 14 for the fixed-wing SST.

The bank schedule is not symmetrical like that for case 14 (compare figures 67

and 73); the difference is probably due to the dive-climb descent phase, which is

typical for this class of runs. Figure 69 shows the latitude versus longitude along

the flight path. The two cities are shown by circles representing sonic-boom

overpressure limits. The optimal flight path, again, showed no tendency to in-

crease cruise altitude or decrease cruise Mach number. The wings also showed

no tendency to vary the sweep angle during cruise to alter the boom overpressure.

Case 15 problem statement and results: The problem statement and results

are presented in table 23. Included are desired and optimum values of perform-

ance, constraint, and stopping parameters. Results of the optimum trajectory

are shown in figures 68 through 74.

Table 23: Case 15-- Problem Statement and Results

Parameter Desired Value Optimum Value

= time minimum 8168 sec.

= longitude 50 degrees 50 degrees

_1 = weight 262,120 Ib 262,276 Ib

kI'2 = altitude 1500 ft 1661 ft

_3 = velocity 366.7 fps 347.2 fps

_'4 = latitude 0 degrees 0. 005 degree

Enroute Placards Figure Number

_I'5 = THROTTLE PF 0 72

_6 = BOOM PF 0 70

_7 = MACH PF 0 68

(structural)

Pitch angle, throttling setting, bank angle, and wing-sweep angle were

used as control variables.
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RPA limits: Resultant physiological acceleration (RPA) is a measure of

acceleration forces applied to passengers. At present, there are no definite

limits prescribed for SST operation. An examination of cases 14 and 15 show

that, for a fixed-wing SST, the RPA experienced was between 29.5 and 34.2

ft/sec2; the variable-sweep SST had values between 30.5 and 38.8 ft/sec 2. A

normal unaccelerated level flight has an RPA of approximately 32.2 ft/sec 2. A

conservative limit of ±0.25 g's was assumed, which would limit the RPA to be

between about 24 and 40 ft/sec 2. Since the cases previously mentioned were

within the, s_ bound,_ _ rnn of _,_,_p.,_ 1 _ n nd !7 would only duplicate ti_eresults

of 14 and 15, respectively. Therefore, these cases were not optimized. Partial

checks on the two cases are given to demonstrate that the coding in STOP for

RPA, angle of attack, bank angle, and wing-sweep placards are correct. For

completeness, the problem statement for cases 16 and 17 are given but no re-

sults of optimization are included. To provide a check on the partials, artifici-

ally severe placard tables were input for these two runs so that the limit values

would be exceeded.

Case 16 problem statement and results: Table 24 lists the problem state-

ment, including desired values for performance, stopping parameter, and all

constraints.

Table 24: Case 16-- Problem Statement

Paramete r Desired Value

= time minimum

= longitude 50 degrees

_1 = weight 262,120 Ib

_2 = altitude 1500 ft

_3 = velocity 366.7 fps

_4 = latitude 0 degrees

Enroute Placards

_5 = THROTTLE PF 0

_I/6 = RPA PF 0

7 = BOOM PF 0

_I'8 = MACH PF 0

(structural)
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Case 17 problem statement and results: Table 25 lists the problem state-

ment, including the desired values for performance, stopping parameter, and
all constraints.

Table 25: Case 17-- Problem Statement

Paramete r Desired Value

(D = time minimum

l_ = longitude 50 degrees

1 = weight 262,120 lb

_" 2 = altitude 1500 ft

3 = velocity 366.7 fps

_'4 = latitude 0 degrees

Enroute Placards

kI'5 = THROTTLE PF 0

k_6 = BOOM PF 0

q'7 = MACH PF (structural) 0

_8 = RPA PF 0

_I/9 = ALPHA PF 0

_i0= BANK PF 0

_ii = SWEEP PF
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Maximum final weight. -- The maximum final weight problem can be solved

in two ways. Case 18 uses the maximum payload option where the weight is speci-

fied as a free initial condition and the maximum fuel available is fixed. Case 19

has a fixed initial weight; maximizing the final weight results in a minimum-fuel

flight path.

The maximum final weight for case 18 was 310,273 pounds. The optimum

initial weight was 448,405 pounds. Case 19 delivered 265,618 pounds at the

terminal condition for a 400,000-pound initial weight.

Case 18 exceeded the allowable sonic-boom overpressure during both the

ascent and descent phases (figure 76). This run had some difficulty in bringing

the boom penalty function to an acceptable value. The run was reducing the over-

pressure but was not converging rapidly. The case was stopped when computer

run time became excessive. A more favorable nominal to start the iteration

would probably produce better results.

Case 18 problem statement and results: The problem statement and results

are presented in table 26. Included are the desired and optimum values of the

performance, constraints, and stopping parameter. Results of the optimum tra-

jectory are shown in figures 75 through 78.

Table 26: Case 18-- Problem Statement and Results

Parameter Desired Value Optimum Value

_0 = weight maximum* 310,273 lb

= time 7296 sec. 7296 sec.

_1 = altitude 1500 ft 1435 ft

_2 = velocity 366.7 fps 361.9 fps

_3 = longitude 50 degrees 49.99 degrees

*Weight is a free initial condition; maximum allowable propellant

is limited to 138,000 pounds.

Enroute Placards Figure Number

_4 = THROTTLE PF 0 78

_5 = BOOM PF 0 76

_6 = MACH PF 0 75

Pitch angle and throttle setting were used as control variables.
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D

Case 19 problem statement and results: Table 27 presents the desired and

optimum solution for performance, constraint, and stopping parameters. Results

of the optimum trajectory are shown in figures 79 through 82.

Table 27: Case 19-- Problem Statement and Results

P a ramet e r Desired Value Optimum Value

- weight maximum Z6b, 618 Lb

_6 = time 7296 sec. 7296 sec.

_1 = longitude 50 degrees 49.99 degrees

_2 = altitude 1500 ft 1442 ft

k_3 = velocity 366.7 fps 364.6 fps

Enroute Placards Figure Number

_4 = THROTTLE PF 0 82

k_5 = BOOM PF 0 80

_5 = MACH PF 0 79
(structural)

Pitch angle and throttle setting were used as control variables.

An interesting observation may be made by comparing case 19 to case 7.

Note that case 7 minimized time with a fixed final weight (fixed fuel) and that

case 19 uses the optimal time of case 7 and maximizes weight (minimum fuel).

One might come to the conclusion that the results of cases 7 and 19 should be

identical, but if it is realized that case 7 was required to burn all fuel aboard, it

may have been forced to fly an inefficient flight path. If the final weight restric-

tion were removed from case 7, the two runs would probably be identical.
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Maximum range, inCase 20: The maximum range was determined on one

(case 20). The operational constraints of a structural Mach number placard,

engine limits, and planar sonic boom placards were applied. Results of this

case are similar to base case 3. The major difference is that case 20 (figure

83) does not have a Mach number 2.7 cruise limit. The range of case 20 is

3579 n. mi. The range of case 3 was 3547 n. mi., a difference of 32 n. mi.

There is some indication that case 20 may represent a local optimum. The sonic

boom limit during ascent was exceeded slightly, as shown in figure 85.

Case 20 problem statement and results: The problem statement and a sum-

mary of the results are given in table 28. Included are desired and optimum

values of the performance, constraints, and stopping parameter. Results of the

optimum trajectory are shown in figures 83 through 87.

Table 28: Case 20-- Problem Statement and Results

Parameter Desired Value Optimum Values

¢0 = longitude maximum 59.65 degrees

fa = weight 262,120 lb 262,120 lb

_I'1 = altitude 1500 ft 1800 ft

_2 = velocity 366.7 fps 375.2 fps

Enroute Placards Figure Number

k_3 = THROTTLE PF 0 87

xI/4 = BOOM PF 0 85

_5 -- MACH PF 0 83

Pitch angle and throttle setting were used as the control variables.
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CONC LUSIONS

The Supersonic Transport Optimization Program has demonstrated conver-

gence for the 20 data cases required for the contract.

There was a marked tendency to convergence toward a local optimum for the

SST class of aircraft. In most cases the antilocal optimum logic in STOP ap-

peared to be successful, although a few of the cases may be questionable.

The sonic-boom optimization capability--unique in STOP--performed very

well for the area-boom problem, although nonlinearity of the planar boom for-

mulation resulted in some difficulty.

REC OMME NDATIONS

The tendency to reach a local optimum appears to be a characteristic of

SST-class vehicles. Further investigation is required to develop an understand-

ing of the problem.

Area sonic-boom capability should be exercised for more complex problem

statements to delineate potential convergence problems.

Further analysis is required to define the effect of wing sweep on perform-

ance problems other than mininmm time.

In the future, planned wind-tunnel tests for high-performance variable-

geometry vehicles should cover a sufficiently wide range of all control param-

eters (e. g., angle of attack, sweep angle, etc. ) to allow a detailed definition of

the data field for optimization purposes. At least part of the results for the 20

check cases may be unrealistic due to data extrapolation.

Because of the computer time required to optimize a complete flight path,

it is advisable, when possible, to optimize subarcs separately. While this pro-

cedure does not result in a complete optimal profile, the optimal subarcs may

be instructive for research purposes.
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